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Loading pattern optimization enables longer irradiation cycles while still maintaining the ability to safely
operate and shutdown the reactor. The loading pattern optimization problem is multi-objective and is
characterized by a huge nonlinear discrete search space. Its complexity grows exponentially with the
number of fuel assemblies in the core. However, in-core fuel management is an essential part of routine
work in a nuclear reactor, hence optimized usage of the fuel inventory enables the economic and efficient
utilization of resources. This study is a proof-of-concept for the hypothesis that adjoint-based neutron
importance functions can be used for the optimization process of the core loading pattern. New optimiza-
tion techniques are developed in order to demonstrate the successful utilization of adjoint-based func-
tions as the optimization driving force. Different importance functions are developed and studied. It is
demonstrated that the physical insight obtained from the importance function can be used for the opti-
mization of loading patterns. Eventually, this new technique should be integrated into a stochastic opti-
mization algorithm, e.g., evolutionary algorithms, in order to accelerate and improve existing
optimization algorithms.

� 2019 Elsevier Ltd. All rights reserved.
1. Introduction

The in-core fuel management optimization problem is that of
arranging the FAs in the core in a way that best suits the desired
objectives, such as maximizing core excess reactivity or maximize
energy production, while maintaining the ability to safely operate
and shutdown the reactor within the required safety margins
(Downar and Sesonske, 1988; Turinsky, 2005; Turinsky et al.,
2005; Jayalal et al., 2014; Kropaczek and Turinsky, 1991; Israeli
and Gilad, 2017a; Israeli and Gilad, 2017b; Israeli and Gilad, 2018).

This is a multi-objective optimization problem, characterized by
a huge (computationally prohibitive) nonlinear search space. For
example, a standard PWR with a core of 200 FAs of ten different
types (20 FAs per type, for simplicity) has approximately 200!/
(20! � 10) � 10355 different possible core configurations. Suppose
the calculation and evaluation of one core take only 1 s, enumerate
over the entire search space would take approximately 10348 years
(Israeli and Gilad, 2017a; Israeli and Gilad, 2018). The age of the
universe, for comparison, is 1010 years (Planck Collaboration,
2016). Using additional constraints such as symmetry does not
make this task possible (Zameer et al., 2014; dos Santos Nicolau
et al., 2012). In analogy with the Traveling Salesman Problem,
the complexity of this problem grows exponentially with the num-
ber of FAs in the core (dos Santos Nicolau et al., 2012; Schirru et al.,
2000). Nonetheless, proper in-core fuel management is an essential
part of routine work in a nuclear reactor, and the proper use of
existing fuel inventory enables economic and efficient use of
resources. It is thus important to find clever ways to solve this
problem, and to constantly strive to improve existing optimization
methods (Downar and Sesonske, 1988; Turinsky, 2005; Jayalal
et al., 2014; Israeli and Gilad, 2018).

The objective of this study is to develop new optimization tech-
niques and methodologies for the optimization of LP of nuclear FAs
in the reactor core, utilizing the adjoint flux as the optimization
driving force. The adjoint flux, as the solution to a specific adjoint
problem, has a natural physical interpretation as a measure of the
importance of a neutron in a point in the parameter space of the
core (Lewins, 1965). That is, the adjoint flux is a direct measure
of the importance of a locally injected neutron to the response of
a detector at that point. So, each point in the parameter space of
the core is weighted using the importance function, which corre-
sponds to the local influence of a neutron at that point. Integral
weighted quantities, e.g., h/y;A/i, where A is some operator

http://crossmark.crossref.org/dialog/?doi=10.1016/j.anucene.2019.06.014&domain=pdf
https://doi.org/10.1016/j.anucene.2019.06.014
mailto:gilade@bgu.ac.il
https://doi.org/10.1016/j.anucene.2019.06.014
http://www.sciencedirect.com/science/journal/03064549
http://www.elsevier.com/locate/anucene
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LP Loading Pattern
FA Fuel Assembly
FAs Fuel Assemblies

PWR Pressurized Water Reactor
APWR Advanced Pressurized Water Reactor
PPF Power Peaking Factor
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BWR Boiling Water Reactor
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representing a physical process and / and /y are the forward and
adjoint flux, respectively, are also highly indicative.

The hypothesis of this study is that the importance function,
and variations upon it, can be utilized to accelerate and improve
LPs optimizations. It is demonstrated that the importance function
supplies valuable knowledge to the LP, which can be used to rear-
range it to better suit different purposes. Preliminary results show
that an existing LP can be improved (with respect to some opti-
mization objective) in an iterative process, using the knowledge
of the local importance. This is achieved by integrating the local
importance values into a reordering scheme for the creation of
the next (better) LP.

As a proof of concept study, this paper focuses on a single core
parameter, i.e., the effective neutron multiplication factor, keff . This
is the simplest parameter to approach by optimization based on
the adjoint. However, it is shown that other core parameters typi-
cally used for LP optimization, such as the PPF, which is the ratio
between the maximal and the average power density in the core,
could be optimized as well via keff . This indirect optimization is
achieved by a physical interpretation (and to a certain level - an
approximation) of the maximization and minimization of keff . For
example, increasing keff inevitably leads to increasing PPF, and to
a certain extent, vice versa. One of the objectives is to show that
optimized LPs can be obtained through the iterative importance
reordering process described above and more thoroughly in the
following sections.

2. Scientific background

2.1. The adjoint neutron transport equation

The stationary continuous-energy neutron transport equation is
written as

X̂ � rwðr; E; X̂Þ þ Rtðr; EÞwðr; E; X̂Þ
¼

Z 1

0
dE0

Z
4p

dX̂0Rsðr; E0 ! E; X̂0 � X̂Þwðr; E0; X̂0Þ þ Sðr; E; X̂Þ; ð1Þ

where S represents the fission source and other external sources
(Q),

Sðr; E; X̂Þ ¼ vðEÞ
4p

Z 1

0
dE0mRf ðr; E0Þ

Z
4p

dX̂0wðr; E0; X̂0Þ þ Qðr; E; X̂Þ;
ð2Þ

and w denotes the angular neutron flux, Rt;Rs, and Rf are the total,
scattering and fission cross sections, respectively, v is the fission
spectrum and m is the average number of neutrons emitted per fis-
sion event.

The neutron transport equation (Eq. (1)) is subjected to bound-
ary conditions defined as

wðrb; E; X̂Þ ¼ wbðrb; E; X̂Þ; rb 2 @V ; X̂ � n̂ < 0; 0 < E < 1:

ð3Þ
Expressing Eqs. (1) and (2) in compact operator form gives the

notation
Lw ¼ Q ; ð4Þ
where L is defined as the transport operator. In order to construct
the adjoint operator Ly we take the inner product of an auxiliary
function wyðr; E; X̂Þ with Lw and define Ly as the adjoint transport
operator that satisfies the identity

hwy;Lwi ¼ hw;Lywyi þ P½w;wy�: ð5Þ
Solving Eq. (5), the adjoint transport operator is

Lywy ¼ �X̂ � rwyðr; E; X̂Þ þ Rtðr; EÞwyðr; E; X̂Þ
�
Z 1

0
dE0

Z
4p

dX̂0Rsðr; E ! E0; X̂ � X̂0Þwyðr; E0; X̂0Þ

� mRf ðr; EÞ
Z 1

0
dE0 vðE0Þ

4p

Z
4p

dX̂0wyðr; E0; X̂0Þ: ð6Þ

The corresponding adjoint transport equation is then written as

Lywy ¼ Q y; ð7Þ
with the following boundary conditions (corresponding to void
boundary conditions in the forward problem)

wyðrb; E; X̂Þ ¼ 0; rb 2 @V ; X̂ � n̂ > 0; 0 < E < 1: ð8Þ
2.2. The adjoint multigroup diffusion equations

The multigroup neutron diffusion equation is a well-known
approximation to the neutron transport equation, which essen-
tially eliminates the angular dependency and discretize the energy
parameter. There are different ways to derive the multigroup diffu-
sion approximation, e.g. (Bell and Glasstone, 1970; Duderstadt and
Hamilton, 1979; Lewis and Miller, 1984; Hébert, 2010). In this
work, which aims at optimizing core parameters such as keff and
PPF, all the full-core calculations are k-eigenvalue calculations
yielding both the flux and power distribution in the core and its
corresponding multiplication factor. Hence, in the derivation of
the multigroup diffusion equations used in this work, the starting
point is the k-eigenvalue neutron transport equation written as
(Lewis and Miller, 1984)

X̂ � rwðr; E; X̂Þ þ Rtðr; EÞwðr; E; X̂Þ
¼

Z 1

0
dE0

Z
4p

dX̂0Rsðr; E0 ! E; X̂0 � X̂Þwðr; E0; X̂0Þ

þ vðEÞ
4pkeff

Z 1

0
dE0mRf ðr; E0Þ/ðr; E0Þ ð9Þ

where /ðr; E0Þ � R
4p dX̂

0wðr; E0; X̂0Þ is the scalar flux.
The energy range is divided into G groups, and all neutrons with

energy E 2 ½Eg ; Eg�1� are associated with group g (usually Eg < Eg�1

and g ¼ 1; . . . ;G). Following (Bell and Glasstone, 1970; Lewis and
Miller, 1984), the group angular flux is defined as

wgðr; X̂Þ �
Z Eg�1

Eg

dEwðr; E; X̂Þ �
Z
g
dEwðr; E; X̂Þ; ð10Þ

Next, divide the energy integrals in Eq. (9) into energy groupsR1
0 dE0 ¼ PG

g0¼1

R
g0 dE

0 and integrate over group g to get
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X̂ � r
Z
g
dEwðr; E; X̂Þ þ

Z
g
dERtðr; EÞwðr; E; X̂Þ

¼
XG
g0¼1

Z
g
dE

Z
g0
dE0

Z
4p

dX̂0Rsðr; E0 ! E; X̂0 � X̂Þwðr; E0; X̂0Þ

þ
Z
g
dE

vðEÞ
4pkeff

XG
g0¼1

Z
g0
dE0mRf ðr; E0Þ/ðr; E0Þ: ð11Þ

Assuming flux-energy separability (Lewis and Miller, 1984)

wðr; E; X̂Þ � f ðEÞwgðr; X̂Þ; ð12Þ
the multigroup cross section can be defined as

Rx;gðrÞ �
R
g dERxðr; EÞf ðEÞ;

Rs;g0!gðr; X̂0 � X̂Þ � R
g dE

R
g0 dE

0Rsðr; E0 ! E; X̂0 � X̂Þf ðE0Þ;
vg �

R
g dEvðEÞ;

ð13Þ

and Eq. (11) can be written as

X̂ � rwgðr; X̂Þ þRt;gðrÞwgðr; X̂Þ

¼
XG
g0¼1

Z
4p

dX̂0Rs;g0!gðr; X̂0 � X̂Þwg0 ðr; X̂0Þ þ vg

4pkeff

XG
g0¼1

mRf ;g0 ðrÞ/g0 ðrÞ:

ð14Þ
The multigroup k-eigenvalue balance equation can be obtained

by integrating Eq. (14) over angle and use JgðrÞ ¼
R
dX̂X̂wgðr; X̂Þ

and Rs;g0!gðrÞ ¼
R
dX̂Rs;g0!gðr; X̂0 � X̂Þ to get

r � JgðrÞ þRt;gðrÞ/gðrÞ ¼
XG
g0¼1

Rs;g0!gðrÞ/g0 ðrÞ þ
vg

keff

XG
g0¼1

mRf ;g0 ðrÞ/g0 ðrÞ:

ð15Þ
By using Fick’s law approximation, JgðrÞ ¼ �DgðrÞr/gðrÞ, where

DgðrÞ id the group diffusion coefficient, the multi-group k-
eigenvalue neutron diffusion equation is obtained

�r � DgðrÞr/gðrÞ
� �þ Rr;gðrÞ/gðrÞ

¼
XG
g0–g

Rs;g0!gðrÞ/g0 ðrÞ þ
vg

keff

XG
g0¼1

mRf ;g0 ðrÞ/g0 ðrÞ; ð16Þ

where the removal term is Rr;g � Rt;g � Rs;g!g .
Repeating a similar process to the one in the case of the adjoint

transport equation (Section 2.1), the adjoint multigroup diffusion
equation is written as

�r � DgðrÞr/y
gðrÞ

h i
þ Rr;gðrÞ/y

gðrÞ

¼
XG
g0–g

Rs;g!g0 ðrÞ/y
g0 ðrÞ þ

mRf ;gðrÞ
keff

XG
g0¼1

vg0/
y
g0 ðrÞ: ð17Þ
3. Literature survey

To the best of our knowledge, the adjoint flux distribution, and
its interpretation as a local importance function of the LP has not
been used in itself as a guiding mechanism for the optimization
process of the LP. Not to suggest that the adjoint has not been uti-
lized in such optimizations, but that it was not utilized in any way
similar to the one suggested in this study.

Adjoint utilization in the frame work of LP optimization appears
primarily in the context of perturbation theory. Perturbation the-
ory calculations are mainly introduced into optimization codes in
an effort to save time and computational resources for the complex
problem. Perturbation theory is used to predict the effects of
various changes to core configurations without the costly core
calculations.

Optimization works have been conducted by Mingle (1975),
who developed a two-step procedure for the optimization of fuel
management coupled with perturbation theory assembly shuffling
calculations. Rozon et al. (1981) used a numerical search, the gra-
dients for which are obtained via perturbation theory, for feed rate
minimization in equilibrium refueling. Ho and Rohach (1982) used
perturbation theory for the estimation of the core reactivity change
after binary fuel shuffling. Kropaczek and Turinsky (1991) com-
bined the simulated annealing technique with an efficient core
physics model based on second-order generalized perturbation
theory for a PWR. Rozon and Beaudet (1992) extended a nonlinear
optimization method based on first-order generalized perturbation
theory to three dimensions and applied it to a realistic problem in
the physics design of Canada deuterium uranium (CANDU) reac-
tors. Maldonado and Turinsky (1995a,b) developed a nodal diffu-
sion generalized perturbation theory model for an efficient and
accurate evaluation of the reactor core’s eigenvalue and power dis-
tribution versus burnup. Jagawa et al. (2001) developed an opti-
mization code that uses linear perturbation method and a
modified Tabu search method for BWR LP optimization.
Espinosa-Paredes and Guzmán (2011) employed first-order pertur-
bation theory for optimizing the radial distribution of the fuel rods
(in a lattice) having different fissile and burnable poison contents.

Some works incorporated the use of higher-order perturbation
theory, which more accurately models greater perturbations (such
as assembly shuffle and strong flux changes). Endo et al. (2011), for
instance, used the higher-order perturbation theory to formulate
rules of thumb for the creation of a perturbation, or noise, resilient
LP. Moore and Turinsky (1998) studied analytical and numerical
aspects of a higher-order generalized perturbation theory method,
which correctly addresses the strong nonlinear feedbacks of two-
phase flow in BWR.

Finally, there exist an additional body of literature on optimiza-
tion methods based on ‘‘depletion perturbation theory”, which
describe the behavior of the coupled neutron/nuclide fields
(Gandini et al., 1977; Kallfelz et al., 1977; Williams, 1979; White,
1980; Yang and Downar, 1988). In these optimization methods
the assembly shuffling and burnable poison loading is performed
in some algorithmic framework, e.g., genetic algorithms, and the
resulting changes in keff or PPF are predicted by performing an
adjoint calculation on some reference core loading pattern. The
principal drawback in these methods is the inability of first-order
perturbation theory to accurately model assembly movement
and the strong flux perturbations introduced by burnable absor-
bers (Downar and Sesonske, 1988; Rozon and Beaudet, 1992).
Moreover, application of depletion perturbation methods to BWR
fuel management optimization has been limited to low-accuracy
approximations because of the strong nonlinear two-phase flow
feedbacks and control rod movements (Moore and Turinsky, 1998).
4. Methodology

4.1. Neutron importance as optimization driving force

The hypothesis is that the neutron importance function, and the
insight it provides, can be used to drive an optimization process on
a nuclear reactor LP. For example, in order to increase keff one
needs to increase the neutron flux in high-importance locations
in the core. That is because neutrons injected into the system are
most influential in high-importance locations. In other words, neu-
trons injected into high importance locations have a higher proba-
bility to induce fission. This is very intuitive reasoning, which
simply states that more neutrons are likely to be produced by a
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LP in which neutrons are born and concentrated where they are
more likely to induce fission.

Similar reasoning can be used in order to decrease the PPF in the
core below some required threshold. Decreasing the neutron flux
in high-importance locations and increasing it in low-importance
locations will lead to flattening of the fission power (and to
decreasing in keff ).

An iterative importance-driven process is proposed for the opti-
mization of different LPs. An algorithm is constructed which
receives a LP and rearranges it according to its importance distri-
bution using different reordering schemes, depending upon the
optimization goals for the LP. A detailed description of the algo-
rithm is given in the following text (Section 4.2).

4.2. Algorithm description

The essentials of the iterative algorithm developed in this study
for reordering FAs and generating new (and better) LP are summa-
rized in Algorithm 1. A detailed description of the algorithm is
given hereafter.

Algorithm 1 basic LP optimization algorithm

1: procedure OPTIMIZE LP
2: Create an initial LP.
3: Set reordering scheme (increase/decrease keff ).
4: while there exist a binary swap

5: Calculate forward and adjoint flux /i;z;g and /y
i;z;g ,

respectively.
6: Calculate importance function Ii;z;g .
7: Sort all FAs according to their importance.
8: Execute N binary swaps according to the reordering

scheme selected.
9: end while
10: end procedure

First, the forward and adjoint fluxes of the LP are calculated.
This produces spatially and energetically discrete functions, i.e.,
for every FA, axial layer, and energy group, the forward and the
adjoint flux values are obtained. The forward and adjoint neutron
fluxes at radial node i, axial node z and energy group g are denoted
by /i;z;g and /y

i;z;g , respectively. The forward flux is normalized
according to the reactor power whereas the adjoint flux is normal-
ized such that its maximal value equals unity. Since the k-
eigenvalue problem forms a homogeneous differential equation
and thermal-hydraulic feedbacks are neglected in this study, the
actual power level is irrelevant for the optimization process, and
any other normalization could be applied. The normalization of
the adjoint flux, which acts as a weighting factor, is such that the
importance values are comparable throughout the different
iterations.

Second, several importance functions can be defined, e.g.,

I1
i;z;g � /y

i;z;g ð18aÞ
I2

i;z;g � /y
i;z;g/i;z;g ð18bÞ

I3
i;z;g � /y

i;z;g

1
vg

/i;z;g : ð18cÞ

The first importance form, I1
i;z;g , models the importance of a

neutron injected to the core at radial node i, axial node z and
energy group g by the pure adjoint flux. The second form, I2

i;z;g ,
models the importance of a neutron by the forward flux, weighted
by the adjoint flux. This form is a ‘‘local” measure of the weighted
total neutron track length per unit volume (i.e., h/y;/i). The third
form, I3
i;z;g , models the importance of a neutron by the neutron

density, weighted by the adjoint flux. This form is a ‘‘local” mea-
sure of the weighted neutron density (i.e., h/y;v�1/i ¼ h/y;ni,
where n denotes the neutron density).

The quantity Ix
i;z;g is denoted as the ‘‘local” importance and

actually assumes a distribution in space and energy domains. It is
useful to define the radial importanceIx

i and the total importanceIx

of the core LP by

Ix
i �

XNz

z¼1

XG
g¼1

Ix
i;z;g ; Ix �

XNi

i¼1

XNz

z¼1

XG
g¼1

Ix
i;z;g : ð19Þ

Fig. 1 shows a random loading pattern of a typical PWR core
(left) with three types of FAs (differing in their 235U enrichment)
and its corresponding calculated radial importance I1

i ;I
2
i and

I3
i , respectively.
Third, all FAs are then sorted according to their importance val-

ues. Once all assemblies are sorted, one of two reordering schemes
is applied:

1. Swapping between high enrichment FAs in low importance
locations and low enrichment FAs in high importance locations.
Namely, reordering the LP in accordance with importance.

2. Swapping high enrichment FAs in high importance locations
and low enrichment FAs in low importance locations. Namely,
reordering the LP in the opposite with importance.

Many other reordering schemes can be implemented. The two
mentioned above are chosen for their simplicity, for testing the
study’s hypothesis. The motivation for their specific definition,
respectively, is maximizing and minimizing keff . The first reorder-
ing scheme tends to aggregate FAs according to their enrichment,
i.e., placing the higher enrichments away from core boundaries.
This arrangement maximizes the fission rate and minimizes leak-
age, effectively increasing the multiplication factor of the system.
The second reordering scheme does the opposite. It creates a pat-
tern of high enrichment FAs near core boundaries for maximum
leakage or isolating them from each other to avoid high fission rate
and flux concentrations.

Once the FAs have been swapped, the algorithm reconstructs
the LP according to the resulting arrangement and builds an input
deck for the flux solver. The process continues iteratively until a
maximal number of iterations is reached, or until the LP is com-
pletely ordered by importance, according to one of the two
reordering schemes. Once a single swap is performed, the flux dis-
tribution (and hence the importance distribution) is changed, and a
new calculation is required for obtaining the accurate fluxes distri-
bution of the new LP. Therefore, the number of FA swaps per iter-
ation is a parameter of the algorithm.

4.3. The core simulator and the reactor core

The core simulator used for the calculations of keff , the forward
and adjoint fluxes and all other properties of the LP is DYN3D
(Grundmann et al., 2000, 2005). It is a three-dimensional coupled
neutron kinetics and thermal-hydraulics core model, developed
at HZDR, for dynamic and depletion calculations of light water
reactor cores with quadratic or hexagonal FA geometry. The multi-
group neutron diffusion equation is solved by nodal expansion
methods. Cross section libraries generated by different lattice
codes for different reactor types can be linked with DYN3D.

The core considered in this work is a simplified PWR core of a
typical advanced (Gen III+) PWR, e.g., APWR (APWR Design
Control Document, 2013), with a 17� 17 rectangular lattice con-
taining 257 FAs of three different 235U enrichment levels, i.e., 3.1,



Fig. 1. A random LP (left) and its corresponding radial importance I1
i ;I

2
i and I3

i , respectively (arbitrary units). Red, yellow and green FAs represent 3.1/2.4/1.6 wt% 235U
enrichment, respectively. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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2.4, and 1.6 wt%. The axial composition of a FA is assumed to be
homogeneous and all FAs are assumed to be fresh. Radial and axial
boundary conditions are assumed to be black absorber. The num-
ber of FAs of each type is assumed to be constant, so the optimiza-
tion is performed only on the LP and not on the number of FAs of
each type.

5. Results

In Section 5.1.1, the effect of the specific form of the importance
function (see Eqs. (18a)–(18c)) is studied using the same initial ran-
dom LP and the 1st reordering scheme. In Section 5.1.2, the effect
of the number of swaps per iteration is examined by solving the
same optimization problem with a varying number of swaps per
iteration, i.e., 1, 5, 10, 20, and 50. Finally, in Section 5.2, the imple-
mentation of the 2nd reordering scheme is examined.

5.1. 1st reordering scheme – Maximizing keff

5.1.1. Effect of importance function
A random initial LP is used for different optimization processes,

differing in the importance function used for ordering. The results
of the optimization process using the first reordering scheme with
importance functions defined in Eqs. (18a)–(18c) are shown in
Fig. 2.

It is evident from Fig. 2 that all three importance function
enable the convergence to a maximal keff LP. The initial keff is
1.2273, whereas the final keff is 1.3531, 1.3532, and 1.3533 for
I1

i ;I
2
i , and I3

i , respectively.
The behavior of the total importance (Eq. (19)), as well as that of

keff , as a function of the iterations, are shown in Fig. 3 for the three
types of importance function. The behavior of the multiplication
factor keff is similar for all three importance functions and is mono-
tonically increasing as the optimization process progresses. Hence,
as demonstrated, the 1st reordering scheme is found useful for keff -
maximizing LP creation. The initial significant increase in keff
occurs during the first 20 iterations and can be attributed to the
initial swaps of low enriched FAs located in high-importance loca-
tions with high enriched FAs located in low-importance positions.
These few initial swaps are the most significant for the increase in
keff and are mainly composed of swapping 3.1 w/o (red) FAs with
1.6 w/o (green) FAs (see Fig. 1). The second significant increase
in keff occurs between iterations 80–120 and is attributed mainly
to swaps of 2.4 w/o (yellow) FAs with 1.6 w/o (green) FAs.

On the other hand, the behavior of the total importance as a
function of iterations is highly complex and non-monotonic.
Although the general trend exhibited by the total importance is
to follow the increases in keff its irregular behavior strongly indi-
cates the non-linearity of the search space and the fact that even
a single binary swap of FAs cannot be considered as a small
perturbation.

Finally, for this simple case, it appears that all three forms of the
importance function studied above perform well, without one
being superior with respect to the others. However, the total
importance is shown to differ significantly during the optimization
process (Fig. 3), suggesting that there might be more complicated
cases in which the algorithm will exhibit higher sensitivity to the
form of the importance function. This point requires additional
research by considering, e.g., more heterogeneous systems with
strong absorber or thermal-hydraulic feedbacks.
5.1.2. Effect of number of swaps per iteration
As noted above, the number of FA swaps per iteration is a

parameter of the algorithm. Once a single swap is performed, the
flux distribution is changed, and a new calculation is required for
obtaining the accurate fluxes distribution of the new LP. However,
it is possible to perform several swaps before re-calculating the
fluxes map of the new LP.

In order to study the effect of the number of swaps per iteration,
the same optimization problem is solved with a varying number of
swaps per iteration, i.e., 1, 5, 10, 20, and 50. As the number of
swaps per iteration is increased, two things are observed. First,
the quality of the final LP is decreased, and second, the number
of iterations required for convergence is decreased as well. The
iterative optimization process with 1–50 swaps per iteration is
shown in Fig. 4.

A minimal number of swaps allows the algorithm a more
refined process at the expense of an increased number of full core
calculations, and vice versa, increasing the number of swaps per
iteration minimizes the number of full core calculations at the
expense of precision in the convergence process. To wit, swapping
one pair of FAs per iteration, thus calculating local importance dis-
tribution after every swap, guarantees that each fuel swap is the
most influential one in the current LP.

One must bear in mind that once a single swap has been exe-
cuted, a new LP is generated and the spatial distribution of the
adjoint flux is changed. In some cases, the change can be dramatic,
indicating that the search space of LPs can be highly nonlinear, dis-
crete, and discontinuous. An illustrative example of this non-
intuitive trait of single swaps is shown in Fig. 6.

This raises the question of whether two swaps (or more) per
iteration will perform better than a single swap per iteration. In
this case, there may be a trade-off (or another complex) relation
between the number of swaps per iteration and the convergence
rate. Increasing the number of swaps per iteration maximizes the
utilization of the information available to us at each step (i.e., the
adjoint flux). On the other hand, it may well be that the second
swap (and any other subsequent swap) is based on irrelevant (or



Fig. 2. Iterative convergence from an initial random LP to maximal keff LP with 1 swap per iteration using different importance functionsI1
i (a),I

2
i (b), andI3

i (c) (total of 140
iterations, shown every �30, upper – LP, lower - radial importance).
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even misleading) information, since the adjoint flux distribution
may be significantly altered after any swap.

5.2. 2nd reordering scheme – Minimizing PPF

The second reordering scheme aims at order enrichment in the
LP in reverse accordance with local importance, i.e., to place high
enrichment assemblies in low-importance locations and vice versa.
However, taking a high enriched assembly and placing it in a low-
importance location raises local importance in that location. Con-
sequentially, this location and the ones in its proximity, with the
assemblies in them, possess higher importance than they did in
the former LP. Those assemblies are thus likely to become candi-
dates for the next swap, rather than remain in place for the rest
of the optimization.

Thus, all optimizations using the second reordering scheme
experience difficulty to converge to a LP of fuel enrichment in
opposite order to the importance distribution. Examples of this
phenomenon can be clearly seen in Fig. 5, whereas the oscillation
of the algorithm between 2 repeatable LPs is shown in Fig. 6.



Fig. 3. The behavior of the total importance (Eq. (19)) and and keff as a function of iterations for the three types of importance function.

Fig. 4. Iterative convergence from an initial random LP to maximal keff LP with 1, 5, 10, 20 and 50 swaps per iteration usingI3
i . Total number of iterations until convergence is

134, 22, 11, 8 and 8, respectively.
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Fig. 5. Convergence from an approximated maximal keff LP using the 2nd reordering scheme (one swap per iteration).

Fig. 6. Example of the iterative process becoming stagnated and oscillating between 2 LPs (2nd reordering scheme with one swap per iteration).
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It should be noted that the length of the period in case the algo-
rithm becomes stagnated and starts oscillating need not be 2, as
demonstrated in Fig. 6. Other periods of length 4 and 6 have also
been observed. In the unlikely event of a LP where two different
FAs have exactly the same value of importance and both are candi-
dates for swap, one of them is chosen at random.

Thus, the second reordering scheme is found to have difficulties
in its current basic form due to the hardship in reordering a core so
enrichment is in reverse order with respect to importance, since
the former affects the latter. Even so, when the number of swaps
per iteration is small, it succeeds in lowering the PPF. .

6. Conclusions

Preliminary results show that the adjoint flux, with its natural
physical interpretation as an importance function, can be success-
fully utilized as a driving force for the optimization of nuclear core
LPs. The physical insight obtained by the importance functions can
be used for the improvement of existing optimization algorithms,
or for the construction of novel optimization algorithms. Such a
basic algorithm, which employs variations on iterative binary shuf-
fling according to local importance, is developed for the purpose of
this study as a ‘‘proof of concept” tool. Initial results obtained using
this algorithm suggest that the local importance is a useful tool
that can be utilized for the optimization problem.

The two reordering schemes mentioned above are chosen for
their simplicity, for the purpose of constructing and testing the
research hypothesis, that adjoint-based importance functions can
be utilized in the optimization process of core LPs. The motivation
for their specific definition, respectively, is maximizing keff and
minimizing PPF. The first reordering scheme tends to rearrange
FAs according to their enrichment, i.e., placing the higher-
enriched FAs away from core boundaries. This arrangement maxi-
mizes the fission rate and minimizes leakage, effectively increasing
the multiplication factor of the system. Moreover, this process
tends to aggregate high enrichment FAs, which turn into high
importance clusters that attract more high enrichment FAs. The
second reordering scheme does the opposite. It creates a pattern
of high enriched FAs near core boundaries for maximum leakage
or isolating them from each other to avoid high fission rate and flux
concentrations.

In the case of arranging the LP in accordance with importance it
is easy to see why the process is likely to converge. Interchanging
the locations of high enriched FAs from low-importance locations
with low enriched FAs from high-importance locations creates a
positive feedback effect of increasing (decreasing) importance in
high (low) importance locations further. Typically, highest impor-
tance FAs are found away from core boundaries and in the proxim-
ity of (other) high enriched FA concentrations, and lowest
importance FAs are found near core boundaries and where FA
enrichment is lowest. Any low enriched FAs within these high
enriched clusters are given high importance for their proximity
to the high-importance concentrations and are thus natural candi-
dates for a swap with high enriched FAs away from the concentra-
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tion. So naturally, the iterative process is inching toward a high-keff
LP of descending-enrichment concentric circles.

One possible way to deals with the algorithm oscillations
(Fig. 6) is to insert stochastic behavior into the optimization pro-
cess, e.g., randomly choosing one binary swap from a number of
‘‘best swaps”. This would allow the reordering of the LP to diverge
from the local optima obtained by the deterministic algorithm.

The results highlight and explain the inherent limitation of per-
turbation theory based optimization algorithms. Single swaps are
generally not small perturbations, as beautifully shown in Figs. 5
and 6.

Finally, the adjoint flux and importance have been used so far as
an integral part of perturbation theory calculations for LP opti-
mization schemes. However, the importance function has not been
used outside the scope of perturbation theory. The adjoint flux, the
total importance, the local importance distribution, the adjoint
spectrum, and different variations of those, are factors of the LP
which hold in themselves or are connected to, physical interpreta-
tion of the core characteristics. In this, they hold physical informa-
tion about the LP that can be utilized not only in the context of
perturbation theory but in constructing optimization schemes for
nuclear reactor core LPs.

Acknowledgments

E. Israeli and O. Tal are partially funded and supported by the
Israeli Ministry of Energy, contract number 216-11-008.

References

APWR Design Control Document, 2013. Tier 2, Chapter 4, Revision 4..
Bell, G.I., Glasstone, S., 1970. Nuclear Reactor Theory. Van Nostrand Reinhold

Company.
dos Santos, Andressa, Schirru, Roberto, de Lima, Alan Miranda Monteiro, 2012.

Nuclear reactor reload using Quantum Inspired Algorithm. Prog. Nucl. Energy
55, 40–48.

Downar, Thomas J., Sesonske, Alexander, 1988. Light water reactor fuel cycle
optimization: theory versus practice. In: Lewins, Jeffery, Becker, Martin (Eds.),
Advances in Nuclear Science and Technology, vol. 20. Springer, US, Boston, MA,
pp. 71–126.

Duderstadt, J.J., Hamilton, L.J., 1979. Transport Theory. John Wiley & Sons.
Endo, Tomohiro, Ohori, Kazuma, Yamamoto, Akio, 2011. Application of the robust

design concept for fuel loading pattern. J. Nucl. Sci. Technol. 48, 1077–1086.
Espinosa-Paredes, G., Guzmán, Juan R., 2011. Reactor physics analysis for the design

of nuclear fuel lattices with burnable poisons. Nucl. Eng. Des. 241 (12), 5039–
5054.

Gandini, A., Salvatores, M., Tondinelli, L., 1977. New developments in generalized
perturbation methods in the nuclide field. Nucl. Sci. Eng. 62 (2), 339–345.

Grundmann, Ulrich, Rohde, Ulrich, Mittag, Siegfried, 2000. DYN3D – Three-
dimensional core model for steady state and transient analysis of thermal
reactors. PHYSOR 2000 – Advances in Reactor Physics and Mathematics and
Computation into the Next Millenium, Pittsburgh, PA, USA.

Grundmann, Ulrich, Rohde, Ulrich, Mittag, Siegfried 2005. DYN3D version 3.2 - code
for calculation of transients in light water reactors (LWR) with hexagonal or
quadratic fuel elements – description of models and methods. Technical Report
FZR-434, Helmholtz-Zentrum Dresden-Rossendor (HZDR), Dresden, Germany..

Hébert, Alain, 2010. Handbook of Nuclear Engineering, chapter Multigroup Neutron
Transport and Diffusion Computations. Springer, pp. 751–911.
Ho, Li-Wei, Rohach, Alfred F., 1982. Perturbation theory in nuclear fuel management
optimization. Nucl. Sci. Eng. 82, 151–166.

Israeli, Ella, Gilad, Erez, 2017a. Novel genetic algorithms for loading pattern
optimization using state-of-the-art operators and a simple test case. J. Nucl.
Eng. Radiation Sci. 3. 030901-1.

Israeli, Ella, Gilad, Erez, 2017b. Novel core physics heuristics in advanced genetic
algorithms for in-core fuel management. M&C 2017 – International Conference
on Mathematics & Computational Methods Applied to Nuclear Science &
Engineering, Jeju, Korea.

Israeli, Ella, Gilad, Erez, 2018. Novel genetic algorithm for loading pattern
optimization based on core physics heuristics. Ann. Nucl. Energy 118, 35–48.

Jagawa, Suetsugu, Yoshii, Takashi, Fukao, Akihiro, 2001. Boiling water reactor
loading pattern optimization using simple linear perturbation and modified
tabu search methods. Nucl. Sci. Eng. 138, 67–77.

Jayalal, M.L., Satya Murty, S.A.V., Sai Baba, M., 2014. A survey of genetic algorithm
applications in nuclear fuel management. J. Nucl. Eng. Technol. 4 (1), 45–62.

Kallfelz, J.M., Bruna, G.B., Palmiotti, G., Salvatores, M., 1977. Burnup calculations
with time-dependent generalized perturbation theory. Nucl. Sci. Eng. 62 (2),
304–309.

Kropaczek, D.J., Turinsky, P.J., 1991. In-core nuclear fuel management optimization
for pressurized water reactors utilizing simulated annealing. Nucl. Technol. 95
(1), 9–32.

Lewins, Jeffery, 1965. Importance – The Adjoint Function. Pergamon Press Ltd.,
Oxford, London.

Lewis, E.E., Miller, W.F., 1984. Computational Methods of Neutron Transport. John
Wiley and Sons Inc, New York, NY.

Maldonado, G.I., Turinsky, P.J., 1995a. Application of nonlinear nodal diffusion
generalized perturbation theory to nuclear fuel reload optimization. Nucl.
Technol. 110 (2), 198–219.

Maldonado, G.I., Turinsky, P.J., Kropaczek, D.J., Parks, G.T., 1995b. Employing nodal
generalized perturbation theory for the minimization of feed enrichment
during pressurized water reactor in-core nuclear fuel management
optimization. Nucl. Sci. Eng. 121 (2), 312–325.

Mingle, John O., 1975. In-core fuel management via perturbation theory. Nucl.
Technol. 27, 248–257.

Moore, Brian R., Turinsky, Paul J., 1998. Higher order generalized perturbation
theory for boiling water reactor in-core fuel management optimization. Nucl.
Sci. Eng. 130 (1), 98–112.

Planck Collaboration. 2016. Planck 2015 results – xiii. cosmological parameters.
Astronomy Astrophys., 594:A13, Table 4, Age/Gyr..

Rozon, D., Beaudet, M., 1992. Canada deuterium uranium reactor design
optimization using three-dimensional generalized perturbation theory. Nucl.
Sci. Eng. 111 (1), 1–20.

Rozon, D., Hébert, A., McNabb, D., 1981. The application of generalized perturbation
theory and mathematical programming to equilibrium refueling studies of a
CANDU reactor. Nucl. Sci. Eng. 78, 211–226.

Schirru, R., Pereira, C.M.N.A., Martinez, A.S., 2000. Fuzzy Systems and Soft
Computing in Nuclear Engineering, chapter Genetic Algorithms Applied to the
Nuclear Power Plant Operation. Springer-Verlag, pp. 335–350.

Turinsky, Paul J., 2005. Nuclear fuel management optimization: a work in progress.
Nucl. Technol. 151, 3–8.

Turinsky, Paul J., Keller, Paul M., Abdel-Khalik, Hany S., 2005. Evolution of nuclear
fuel management and reactor operational aid tools. Nucl. Eng. Technol. 37 (1),
79–90.

White, John R., 1980. The development, implementation, and verification of
multicycle depletion perturbation theory for reactor burnup analysis.
techreport 0RNL/TM-7305, Oak Ridge National Laboratory, Oak Ridge,
Tennessee 37830, August 1980..

Williams, M.L., 1979. Development of depletion perturbation theory for coupled
neutron/nuclide fields. Nucl. Sci. Eng. 70 (1), 20–36.

Yang, Won Sik, Downar, Thomas J., 1988. Generalized perturbation theory for
constant power core depletion. Nucl. Sci. Eng. 99 (4), 353–366.

Zameer, Aneela, Mirza, Sikander M., Mirza, Nasir M., 2014. Core loading pattern
optimization of a typical two-loop 300 MWe PWR using Simulated Annealing
(SA), novel crossover Genetic Algorithms (GA) and hybrid GA(SA) schemes. Ann.
Nucl. Energy 65, 122–131.

http://refhub.elsevier.com/S0306-4549(19)30332-9/h0010
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0010
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0015
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0015
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0015
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0020
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0020
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0020
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0020
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0025
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0030
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0030
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0035
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0035
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0035
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0040
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0040
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0045
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0045
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0045
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0045
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0055
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0055
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0060
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0060
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0065
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0065
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0065
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0070
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0070
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0070
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0070
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0075
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0075
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0080
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0080
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0080
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0085
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0085
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0090
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0090
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0090
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0095
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0095
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0095
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0100
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0100
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0105
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0105
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0110
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0110
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0110
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0115
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0115
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0115
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0115
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0120
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0120
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0125
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0125
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0125
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0135
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0135
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0135
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0140
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0140
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0140
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0145
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0145
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0145
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0150
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0150
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0155
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0155
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0155
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0165
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0165
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0170
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0170
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0175
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0175
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0175
http://refhub.elsevier.com/S0306-4549(19)30332-9/h0175

	The adjoint problem as physical heuristic for loading pattern optimization
	1 Introduction
	2 Scientific background
	2.1 The adjoint neutron transport equation
	2.2 The adjoint multigroup diffusion equations

	3 Literature survey
	4 Methodology
	4.1 Neutron importance as optimization driving force
	4.2 Algorithm description
	4.3 The core simulator and the reactor core

	5 Results
	5.1 1st reordering scheme – Maximizing [$]{k}_{{\rm{eff}}}[$]
	5.1.1 Effect of importance function
	5.1.2 Effect of number of swaps per iteration

	5.2 2nd reordering scheme – Minimizing PPF

	6 Conclusions
	Acknowledgments
	References




